Solved Problems (Rayleigh Ritz method)

1.Rayleigh Ritz method applied to Beams

#1) Find the deflection at the centre using Rayleigh Ritz method for the simply supported
beam subjected to Concentrated load at the centre
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Solution:
K
. NzX
Takey = Zan sin—
n=1 I
. o a1 .
According to Rayleigh Ritz method [] =u-w and o - 0 where 1 = Potential
energy U = Strain energy and W is the external work done.

2
d Zy)2 dx— py, where y; is the deflection at the centre.

d2y n _ Nax
> |=a,—5— » —sin—
dx ) I
2
d?y , N7t & L, nax
=a’, sin? —
dx? |4 ; |
16
] =5 [Ba =7 sin® ==dx—P> a,sin—" . 1)

We Know that ISln_I Sm—l dX =0 when m is not equal to n .

: . Mzax I
ISIH | sin | dx = > when m = n Hence equation 1.a becomes,
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H =—E|7r42an7[—4——PSIn—7[ ______________ (1b)
oa, 2 " 2 2
From1lbegn, a, = 2pl® 1 .07
T z'Elnt T2
2pl* & 1 . nzx.. nax
There fore y = = Sin—= SiN 2 e 1c
T n:%:s,,,n“ 2 | (19

To find out y. substitute x = 1/2. in above equation (1.c)

3
Hence we have vy, = ZFIIEI (1+i + 5%} which is the deflection at the centre.
V4

#2) Find the maximum deflection of a simply supported beam subjected to central
concentrated load P at the centre and uniformly distributed load Po/m through out the beam

Po/ m

|/
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Let y:alslnT+azsm—

U:EL d_zy de
2 7\ dx?
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dx L

d’y x° o 9r? . 3
Sin— Sin—

dx? % L |2

L/ y42..\2 L
§] :E d_gl dX:EJ‘
dx 2

U= E:_ﬂ (a +81a’)

_ 4
( ! 'n% &7 9SnsTj dx which yields

L

Now W = j P, ydx + Py,
0

Ymax = a1 — @

L
Hence W = [I Po(alsin % +a,Sin BTﬂxjdx} +P(a, —a,)
0

= 2P, L[al +3W + P(a; —ap)
T 3

W
[] =u-w
I1 :L”A‘(af+8la22
oIl oIl

=0and —— =0 which gives the following equations:
oa, oa,

a
+?2) - P(al _az)

4
EI;z3 al—ZPOL—on
2L V4
8lElz'a, 2PL
213 3

+P=0

3
From the above equations we get a, = %(ZP L + P) and
T

3
218 2PL
81Elz* * 3«
Ymax = a1-az

—P)

a, =

F>|_3 P,L’
48EI 7682EI

Ymax =
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2.Rayleigh Ritz Method applied to Columns:

#3) A Uniform Column is fixed at the bottom and free at the top. It carries a compressive load
at the free end. Investigate the critical load of the column by assuming a second degree

Qolynomial as
2 ‘
= ag tapx + ,
Y =ap tauX + az X Load P

Take the origin at the fixed end.
Atx=0,y=0
Atx=0,dy/dx =0

The above conditions give ap; = a; = 0 and hence
y=a X2

Whenx=L,y=q

q =a,L? and so we have a, = g/L*

Hence y = gqx%/L?

1 L dZy L P
:EjEu(T)Z [5G '
dy 2qx 2
1 2q - P
H:E}[El(F)de—!E( ) dx which gives y
_ 2Elg*>  2pg’
L3 3L
aa_H =0= 45#—4& and this equation yields P :E
q

Repeat the above problem by using y =a, +a,x+a,x* +a,x’_and satisfying the bending

moment condition at the top

Whenx=0,y=0
Hence ag = 0.
When x =0 dy/dx =0 and we geta; =0

Whenx = 1. %y g,
dx?

ﬂ_a +2a, x+3ax and d* Z 2a, +6a,x
X
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2 2
Atle,dz d’y

=0. Hence —- =2a, +6a,x=0 and a, = -3asl
X
Soy= —3a,Ix* +a,x* =a,(x* —3Ix?)
Atx=1ly=q
There fore q=a,(1° —31°) which gives a, = —%

R I dy q oy, d%y
Hencey =— —(x° =3Ix°) and —= =—(6Ix —3x°); 6l — 6X
y 2I3( ) dx 2I3( ) dx? 2I3( )

P dy,,
JEI( )d—jg(d)d

J. (6I 6X) dx——j (6Ix 3x?)?dx On simplifying

_3Elg*  3pg’
21° 51
o 3E|q _bpq = 0 From this equation we get P= 15El _ =2. 5E
aq N 51 6l° 12

#4) A uniform column hinged at both ends is subjected to a compressive load P at the two
ends. Find the critical load using Rayleigh Ritz method if the trial function is

Dy~ 4th|2 X)

i) y=aSin|ﬁ i

Solving (i)
L L
- [y
5 2 d
2
4hx(| X) and so we have gy :—(I 2X) d Z = —%
dx X I
| 2 | 2
- 5j64h4 o —Ejmz‘ (12 + 4x% — 4Ix)dx
25 1 2+ 1
861: 64|E|h 12|ph = 0. This equation gives the critical load.P,= lZIIZEI
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Solving (i)

2 a2
y:aSinz.Thisprovides ﬂ:a—”Cosz and d Z: azﬂ sin ™
I dx |1 I dx I I

L

jf(%zdx

0
n:ﬂ; NP LS. — S

2 5 |

| x 11— Cosz—ﬂx |
[sin? Zdx= [———dx=_
0 I 0 2 2
| - |1+C032—7ZX I
ICosz—dx=I—|dx=—
A I 0 2 2

2
Substituting the above results in the equation A and flndlnga—rI = ZEIZ al_P : zaf : | =
oa 209 2 217 2

7 2El

The above expression yields critical Load Pcr= 2

#5) A uniform column is fixed at one end and is kept on rollers at the other end. In other
words one end is fixed and other end is hinged. The length is 1m. Find the critical load.

At x =0, y=0; ------- (1) 4<4444
Atx=1,y=0; ----- (2)

Lety = A, +Ax+AxX> +AX>+Ax*. Onapplying (1), Ag=0
When x =1, y = 0. This implies that A;+A,+Az+A, = 0-----(4)

When x =1, Sy 0

X
Hence %:Ai+2A2+3A3+4A4:0 --------------------------- (5)

X
(4) — (5) Implies that —A, — 2A3 — 3A;,=0 And so A= - (2A3 +3A,).-----(6)
Substitute (6) in (4) so that we get A1=Az + 2Ag -----------mmmmmmmmmmmme oo (7)

Hence y = (Az + 2A0)X - (2A3 +3A4)X* +Asx® + Agx*
y= A (x=2x*+x*)+ A, (2x—-3x* +x*) Put Az =aand A, = b

y=a(Xx—2x*+x*) +b(2x —3x* + x*) AT
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2
%=a(1—4x+3x2)+(b(2—6x+4x3) and ‘; Y _ a(—4+6X )+b(—6+12X?)------(8)
X X

P dy,,
R S — 9
L el ©)
Substituting (8) in (9)
= [1680a” + 7056b° + 6720ab |- P[56a’ + 288h? + 252a |-----<----rnrmeneememcmenen (10)
L (11)
oa ob

Equation 11 gives us the following two results:
a[3360—112P]+b[6720 —252P] =0  --=-=-===m=mmmmmmmm oo (12)
a[6720—252P] +b[14112 -576P] =0

These are linear homogeneous equations. We know a and b cannot be equal to zero.
If they are zero they will not be buckled form. Therefore to get trivial solution the following must be

true

(3360 - 112P) (6720 — 252P)

(6720 — 252P ) (14112 —576P)
Upon expanding and simplifying, we get
1008 P? — 129024 P + 2257920 = 0 which gives P= (128 + 86.166)/2

P=20.92 is the lower value. During simplification EI was omitted. The same can be reintroduced.

The length 1m can also represented by “1”.
20.92El

|2

Hence P =
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